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① Def "Eanpies_

Intuition : ☒µ



Def : A foliationFan- -

an n -mfld M 12M __ d)

is a disjoint union #↳
✗ EN

of connected K -mflds , for some
0 2- he < n ; Cleanest

and a continuous bijection f- :#↳→M
✗ c-N

where M is carved by coordinate charts 6 : Isuzu
s.t.lt ✗ c- A Ylfl ↳ In V11 -- IRK ✗ X >

for some ✗ × C 112
"-K

. ( maps)
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MW-eexampleI.tt
Seifert fibered Space has a cod.vn 2 foliation
where the leaves are arches

• -1mL : If M is a cloud 3-mfld U a foliation w/
leaves homeo to 1122

,
the METS

• A fiber bundle F → M gnus a foliation f- M

Is
where the leaves am the fibers



MEANTIME : REEB FOLIATION of

D- ✗51

It

→

HÉ¥
a--→

iotient

anglais
to set f¥YFxiR

Foliatrm of f- 1
,
i ) ✗112 wl leaves homeo to IR



Note : Since 53 has a splitting as

2 solid Tori , the Reeb foliation
gives us a codim I -foliation .

[CAMERON STORY HERE:] ¥;⇐¥É



② Elton f- Infield
Thm Every cloud 3-mfld has

a cod in -1 foliation .



skek-haf.PE
Need 2 facts :

① Thmtliknish-Wallace] : Evey closed 3-mfhl can be
obtained by Dehn surgery on a

link in 53

②Thm[Alexander] : Evey link in S3 is the closure

of some braid



lDEA_ :
• M is surgery on a link L ,

and L is the

closure of some braid P .

L
'

=L I Braid
Axis

•✗ is an F- bundle an S;

F is an n- punctured disk

*
5h

° Them " " """" " """"
"

of ✗ given by F ;

2 ✗ =# Ti
,

m #

compass FC
1-=D

• Spin the leans and Ti to get
solid tori

a new folictin F
'

← ul

m = ✗ v11 Vi ) Reeb flats
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Notice: There's a serve in which

• codim 1 foliations af cloud 3-mflds are
Iot special

• because Reeb foliations and



ALS If a mfld M has a Koorienka)

codim 1 foliation , then F : M→M

def
"

d by pushing off the leaves

↳ F has no fixed pts BUT is isotopic to id

↳ Lefschetz fixed pt Thm ⇒ XCM)
=0

Gon Finding codim 1 foliations shews you XCMI -0
!



(But then)

Tim :[Thurston] : A closed n-mfld M has

Codim 1

foliation
iff ✗ 1ms =o .



Speaking of cool theorems that na foliations to give you
important topological information . . .

ReebYSityEm : If one leaf of a codim - l

foliation is closed and has finite IT ,

then all the leaves are closed and have

finite Ti .



Speciale : let M be a closed 3- mfld
WI a foliation F wt a leaf homeo to

5 or IRP?

Then ME 5×8' or IRP # RP



③ TautlTansv

Def
"

: Let F be a codiml foliation an M .

A transverse loop in M is a loop which is

ta±



(Emm If M is compact then there is a

transverse loop in M .

If lbyexhaustion :

"

proceed

msn.li



Novikaisthm : let F be a Reebless foliation
on a cloud 3-mfld not hanco to

5 ✗ S' nor IRP
}
# IRP? Then

d) for any leaf L of F ,
IT LL)↳ IT CM)

(2) every transverse loop is essential

REM:-
"

Reebless
"

as a condition makes cod.nl foliations
once again interesting !



Corf : Say F has a transverse loop 2 .

J
"

is also translate V- n ? I
.

⇒ [ 87 has mf . war in Ti (M) ⇒Film) i.fate

↳ Ñ is non- compact ⇒ by (1) IT CÑ) =L

⇒ Reeb stability t w choice of M , all I
= 1122

> ⇒ Ñ = 1123 ⇐ M is irreducible

+

IT 1M) is info[
EPalmeira's Thm]



Def
"

: Let F be a foliation of a closed 3-mfld M .

F is taut if F has a transverse loop 2

5. t.lt leaves L ,
L n J -1-01 .

RIM : If we have Reeb foliations ,

we can't have a transverse loop .

TAUT → Ree bless



TAUT → Reckless

converseFALSE-i.TO
,
21=5

'

✗= To ✗ S
' '

, spin To ✗ { pt 3 am 2X

gives a foliation F of X .

M -

- X
'

Vax →T
,F

'

gun a flick of M

F- 2X = 2×1 CM is Rubies , but not Taut



Thin[ Goodman) : If a foliation Fan a cloud
orientable 3-mfhl is It tart ,

F has a torus leaf

C*



④

misc.DE
f-? : If F has a codim 1 foliation on a

closed n-mfld , we say F is cotviintoble

if there is a consistent transverse orientation
to the leaves of F-



[Thm] : let M be a closed n -mfld .

If M has a cod.int foliation Fi
then XLM) = 0 .

1¥ The foliations from our braid / surgery cmslmhn

ane coariintrble ⇒

in a Doble Chur Ñ →M , lifts to a coanukbk

honvanishng vector field ⇒ XLM~j-ZX.CM = o ☐



( ' 12 - lspace)

CINfuture : If M is a cloud prime 3-mfld ,

then M has a CTF iff
IT M is left - ardrable .

↳ ThmEGcba:] : If M is a closed prime
3-mfld ,

with H, 1M) 1nF , M has a CTF -

l solved for H.IM) WH .
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