Contact shuctures anmd $yw\[>l.u,-\—ic
F;llinas of Seifert fibe~ed spaces

L umis TOhf‘eS

L. Why should we care about contact hpolog y?
T J

One reasown . We can chacactenze @ctain Seifert

Fibecedd @HS’'s  as \,-s?mws vrae  contact  shackuces:

T heor exm (L-‘SC“-" $+rpsr¢2-\. | & M is am omemted
QHS whichy s Seifert fibeed over S, TFAE:

(D M i anw L-space
(2) Either M or -M  does not adwmit a Pos:hve

transverse  contact stoncture

(3) M carmies no  dronsverce foliations
(-L") M carees wo ‘LM\' co t‘\a'\"\\OVlS

-  Ada £ O
—a A da) = xadi < O
- (xnd) > O
— Nz
An onemted QHS M which admils a Sesfert fibering
over S i (oﬁw\'a’r\‘ou-frfsuviﬂjw &F(eomor‘,h:c +o

Hee 3-wmfld



where e,eZ, r,e QN (0,Y)  and Nz 2oz

By Lisca-Matic, an osemkd SF @HS
M= M (e.; ‘\.,‘\z,...,rk)
wiHv fo2n2-200 does wot adwit a posthive Fromsvese
contact shctuce F and only F ei ther:
() e.(M)=2 O, o
(i) € (M) = =1 amd Here are wo copime inbeges
m,a (m>a) such hat

mr < axk W\(\‘Pz)
ond
me, < | (1= 3,..., k\_



This combined witl the Heeoren  above gives &

CL\M&L"'M%&"’\‘OV\ o§ L'Sfo.uzs among QHS s o Hae $fora
M (e,o ‘ rn;---;rk).

COV\"'OLL“" S+mc+ur‘€$

Let Y be a oloseo(J orented B-maunifold .

D_ef_. A smooth  L-form weﬂl(Y§ is a contact fForn
on ¥ iF wWAdW # O eveyoee. IF wadw>O,

e, (w'\dw)P(V'avh\'Tb >0  for (."-:"7.,"3) a Pos.‘-l-ively-
ovemted basis of T.Y, +her we say w s a4 Eosi-‘—we

contact Corm.

IF w is a countact Fornn on Y, Heew we call He
rlaw\.e, F\"e\&

€ = Kerw ¢ TY
@ (coon‘ml'ut') contact sbructue on Y. ¥ w is also

Fos{Hv{, we call § a Eos;l—:ve contact stuctuve.



Emele. Ri,y,z- wi'l'lﬂr tee S*‘-analowol. or\‘w"'a,‘l"lovl-, omd
oy =dz + xdy. Nok hat dx, = dx ady so

as

X = -6o

X, Adx, = (A%+X0Ly)/\(olx1\617>
= dxadyaxdy + dxadyada
= dxadyads
> 0
> &, is

a Po:,.'-‘-i\re contact fornn

= §‘= ke/r(oc.\ is a Fosihue, contact strdture

What does E, look likeT
A+ a rox«v‘- (x,y,?.-}, -H/u, Plau %’, is sramuui L)‘

2 2 _ 2
iax)"az DY .




Sowe authors shad with a  swooth  omented plove Fell %
O G oﬂm-\t&l 3 -w\r l& Y O‘MA, wse ‘H/\-L F ou,'l' ‘Hux\’) v
Huis scemeanrd 3 = ker () for come &€ Q\ Y).

Transverse contact shuctures

Le'l' (M, }3 be a contact 3-manifold.

_D,ei" A clrve 'a': Sl - ™M is 'l‘r‘amsvefm +O E of for all
LJ Cl'b' (szl\ 'S "’(O\MSVUS-ﬁ ‘Lo 310‘) .

xe€e S

Le+ T M - Z ‘oe an on‘ev\le& Se,.‘Far'l‘ Filoe,recQ 3-\Mam€Folri.

Def. Afke- N’;nml-{cyinj eadn SY Filber Fp over qeZ with a
pave 51"“\‘4J we say & contact stuctuee € o M s
travsverse b b Seferd Bbrabion if Tq s Fromsvene ko

2 for all qeZ.



Exomple. Cowsder fhe 3-boms T7= R/ Z° i
oﬁm-\—u-l-ion iAdM&A lby ‘HAL s-‘-cw\clo.rcl onw-l-a-\-iovx on R3
oamd et

/

&« = s (27re)dx + OOS(ZTI‘-E)JJY‘

Obsenre Hat
d« = 2« cos(Zwe)o(% Adr = 2wsm(2wz)dz Ad,y

So

X Aol = (SM(ZW%)M) n (-Zvr SM(Z:rr 2)d = Ada,)
V; . _ \ 7/ . < N\



+ (cos (2w )by )A (Zw s (2w 2) d 2 A o)

2w sin2(2w2) Axdy A clz
+ 2meost (2mwe) dxacly a2

= 2w dxndy adz

> O.

The ‘g = Ker & s a PosH-‘wt coutact shuchue on -[rz,

l,\)‘ma:" does i+ look L.k‘eb A+ oy Poi-\“' P = (X,Y, 1),
ke & s s‘)awu.A L)'

)
<3—32-) us('z—rr%)‘aa; - S?A(ZTI’%)E >

4

<\ “S(h;’?}% - %in (Zw'())%
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We also see g s bramoverse 4o e Sefert  Lbamdion
of T3 where e Si-l?;loars loolk like Hre

a,‘oove .

oneg

Leﬂmclmim amd  Framsverse  knots

Curves n A ww‘-ac-‘- 3-manmi Fou canm | llumimal-c ‘HAP.
Lon-‘-av" S‘,’ruw‘-urf . T wo k‘n‘f\o(s of cures are e,slaec«‘qﬂ,
P ortan t : )_egzm drian and  Fransy erse kKuots .

Def. 1F (M,§) is a coback 3-mamifold, a knot

P: ' =M s Legmob.‘m i kK=79(s) s always
‘va\aevt“' o 5, ie, for every xekK, JW(T,(Sl) s
contained  in §m),

COV\S\‘A.U IRS with s S-l—tw\d,ar(x contad shucture
= ker (A2 + xaLyB_
Le+‘s rv\ves\—\‘ﬂ ale Le,a)w\&rn‘m kwo'\'s [ ([R3, E) L€+

A be such a knot. Pm\}ec} T b the Y?’Pl‘“‘-&
(HMS is caled a fout Pro)ed-ion.d.




Sovwz exX Qv Pla.s

L driomn umkvuo‘\'
eﬁm Leﬂeﬂ\dﬁ% 'l"‘(,FOx

|V\ %,QM&A‘OL\ :
(l) at ol Hee mss:v\JSJ He shamd with Hae

Sma"ﬁf slore l?es " Frov\"' OL ‘HA.D. S“WA, w-“H/L
lowje,r slope, anm d
() there are no vertical +aw\3waes; instead Hhere

are wsfs .

There oe Hee Omly reshickons on a Front Projechow
of a Lejwdriﬂm knot, cmd amy  projechon sd—rsF,cnj
Hrose reshachons i3 Hhe font pojechon of a
Lejemdrrm knot.



So He study of Le_?(mdnma kots in R> reduces
J—o ‘H'\L S"’IML\I of -]—‘/uz,w— -L'vv\-‘l' ‘Dnz)u‘hous_

]m Fmrkw\w) ff -\'wo Le,sev\dpim kV\D"’S are ?SOJ-DF;C) ‘l’l/\-em\

we Ccom 30 rf\?vv\ owne Prow‘ Pro)‘ec.'ov\ +n ‘Hruz oHNu Vion
Leﬁwdn‘w Reidewmeister woves:

>/ — />/ (Type T)

N — /Q (Tyee I}

Tight vs. ovechwisked comtact stucduces
J

et (Y,E) be a cloed contact B-manwfdld .

D, An  embedded disk D€ Y 35 am overhwisted disk
be E IF TD;IQD" = ElaDz




T‘/u. cow\-o;d- S'\wd'ufe ? 'S ovcr"-wis-'-c& ff" Y oov\*a/iv\s
am overhwisted disk For T, othenvise § s called Fight .

Oveduwisled  contack shuclures ae conmmon: dnny 3rmanidold
adwmils am owverbwisked cowlact shudue, amd on a
closed 3-wmomifold Hwo conlact shwckuces are ?So‘-of\‘c F
+L,,,7 e L\Mww"bfic. as Flomz Cields. (,E\Fa.s‘nb.ujy

IV\ ooerrus-\-, '\'lJln“' contact stuctures are vk hardsr +o
FMR Tn g,uwml — Heeir existeur 13 not even kwown, g,w.u'q\.



However, 4—.3\,\-\— contact shuduces are classified up bo
fSohry own
3 ‘ 7\
¢+ 8% (Eliashoey?
° \ems Sraws (Gl\"oux) Homo‘a\
* ST -bundles over surfacs  (Honda)
¢ Sone Se,.cer" LLM& Sfuu,b ((x‘nﬁaala?, (xL\xssan\‘-Lisca~
Shipsicz, Lisca- S-Hpc\‘c%) Wu)

The Bewwe g WA nlgua L-‘I-y
v 74 7

-_r. rnwﬁ&aot \lom -I’qu"' MW&C mo( Lzﬁ,wdrfm k‘no‘l’s
Shed ['\Z\A‘l‘ own H\-&, nabue of  contfact shuctues, Were
mlma&‘l’ -”/\.Lfe‘

Recall ‘H/\ad- -l—ln.ﬂ. wm"”»..z of a kot N&me\ is ‘HA.L Sum

over all C«m$5\\v\j$ of o 21 ot each Cf‘oSS\\'\.j w he~e

m.,,x e

4 dndod L eft-handed

v -
amsy‘ﬂ is\v\,j



T heovein (T"‘-e. Bemweq‘um lwey»ala'*y). lF 7 s a

bamsvese  knot with respect b a #wa contack  strudure Hium

w(g) ¢ -%(2) ()
whae  w (7)) s He wibhe  of He Foud pojedkon o
' amd 2 s oy Seifet sucfae Cor 7.

Boww’:: -nv?s 3/-\1% o Lowtr Lovw\d on 'HAL g;zp\m; o? a

Seifeck swefae  For Y — » %,tm.u—u\, it's hard o deternine
Hee Gaws, 5o Hiuis is wiee -

The fmtj»vll\f% is Hiat i+ hiws oub Hat 4 contad
S ‘;"'WA'W% s 'I"ﬁzln“' 6 amd Mt] ¢ He Wlﬂ"‘y ()
holds . | Pwhwlnr, Hes  shows Hize standocrd  contuck

shuckture  on ng is -‘-ra\ml- ( BWVULAVAP\ showed (#)
ho ds Y .



How, wre ww.a\h’ Aon't use Hue B.@AW’LCU\A‘.MVL Q«WL\‘{V
to prove LSHMSS... the standord route s via sympleche
"‘Dfolosy‘.

TL\MM (El‘\“-S'ﬂLQrﬂ, Cz‘mmov\ . W a ooa“-ub'l' S'I‘ru\c"uhe, cCam,

be Filled Ly N wml:ad' syw\rlzd-n‘c manifold  Hiem it is

Cow\»cu,‘" De,\/m. Surglny

v L

DG\M/\, Sw%,{/\l .
S’\ee 1 ‘:\‘x a km& ’b' (%Y o 3~w\uvn'Folol M . \+‘ ‘Aa.s
a Vl&ij\n\oor OOA N ol-;qeomor‘al/v?c ""0 Sl X D .

S-\CE 2. Fix om embedded crve o« on 9N © 2 M\N .




s*eg 3. Cz\'wou, oy An‘"e/omoc{)\m‘sw\, F o€ Tz= Q(S'X D’“)
Hiat semds the wendian 3P x 23D b «.

Lost S‘\'(’.zf. Define ‘H/LQ o« Dewn Swrgery m\owq 2x
o v

+o be -HA.Q. 3-manifold oLh»:v‘ML froumn M\ N Ly

Slnm\nj n a Sol?o{ -l—oms vva £
M (g, «) = (M\N) U, ($'xD),

Be,mj careful, we cam do Hie above wilh a fanverse
knot  wn (33, EB, w hace

3 = cerl(xdy, -y, diy + X Avvvzo\xz“sscw\,
such  Hhat Hi wwback shudue on AN amd o
freSc,r‘JoecL contack ¢budue on  4Haa Swe& S'xD agree
o give @ contact shudure  on M(’U‘, <) .



This  conshuckon extends 4o Inks , so Hus shows :

—n"‘u""""" (M°“h"\"+3 All  closed wm{)au\- 2-manifoldg
odmid a  contadt st»‘ere.

SymPlec«‘hc ‘:ill\nﬂﬂs

D;J. A Syw\\‘plﬂ,(,'\'\‘g ‘(OI\M wWw own o MMYCOlA M iy a
c,Los.edl Mm——&n—}b«h—m‘{ }-:le'\&\ 2.-Fo~..._‘ i.e .

e« dw=0
- YpeM: iF IX €T, M sucdh that
w, (X,¥) =0
VYeTo X, +hen X=0.

FEc\,mmle,’ the skew - sywmelic painag on T .M MM"
by w5 skew-symwadic.  Skew-symumihnic wabnas e
nowinverbible i odd  dimensions, so Hhe exnstence o
La sympleckic Forn  fores  dim (M) b be evea.




A (‘)os-(-\-i v%\ contact shuwduve ( M, ?} 'S sym!)\u:\% cqu'y

F \“QLLQ, CF "’\/\m exig‘\‘s a couv\?ou:l— S Y\MP I-zg"—ig Ll-VV\avn‘Fo lot
(X, ) such that

(‘) 9)( = M ONLA ‘H/u. bow«&w\l oﬁew‘»ad—io\/\ on
9)( (_EAAMLLA F“wv\ WAW on X\ MC& 'l'LLL
On‘eﬂ\LO\.‘Lv‘ow own M A-Ofbe. ) “Mot

(2) wl; >0, ia., if vi,va are an ocienled
basis f, 3 at peM, Hew
Lo (v.,Vm\) 0.

Example . The contack shudue (T, ¥), wheee
T = ker (o= siafeme)dx J—cos(lff%)aly))
is  symelchally  Filable. The A-fomn
By = dz+ bt
is  positiwe  comtact For t>0 :
B, AdBy = (olu—tou\ Atda = txAdx >0 .
let {,=kerBy. As to0, we see Ly — 3.

Heme 3% and Z} are ?So’l‘bf“(.- N ok Heat C°=Ku(d%\
1S ‘H/LL le P{clA Po«-au:.l -\-o -Hu, X\[-Pl,au_a_

Now comsider T°= S'%xT" oy 4o boundoy of D*x T
Wi“’\/\ 'H/\L 57“’\‘)\2‘.«'\"-(, gom w = (A)Dz +d»xdvy, wl/u.hg

LoD,_ s omy oea forn of DI.

> w(x 2= |



S “‘":g >0
= wlz, 70 fur sl b
= W'; >0.

Cocollony . (T2, %) s 4"8‘“"-

AVW“'\’\‘-" WWY +D exlx\;\oi'\' o Sym‘)l.u-hc, #ﬁll)nj s via
S‘I‘efir\. ‘F?l\lnﬂS:

Le+ X be a wm‘ab.x wmanifold w%H« oow.r\zx divn ension
2. The ww\fl.o./x, S+M¢,-‘-w~c on X induces a r.owa‘,)ln.x
shwctnre on Tx) or evp\\m\ml'\/\,, & buvdle map
J: TX>TX whida s loca“/7 given L\’ ml"-ir;Uca\'hw b’

3
v

Frowm a Funchion tt: X - R, we cam defie a 2-Form
w = d(d‘b °33 amol a SYVV\VWL‘L'\‘C ‘Po:vv\,

9 (v,w\ = wf(v,jw‘) (u,w e T, X)
I‘: j IS ﬁms{"ive M\\MLQ (.?—C ) S a Riemawnian
vvu./Ln?c own X\ ‘H/LL Lunchon 4) s calu QMC\"\¥

P lur S‘-kbl'\o\rwxovu‘c .




The manifold X s a Stem sufae iF X admibs

a  proper sudh funchion. o Havs sihuation, -Hu,

wasz 'I'tw\g}uwcAes b M,= 43-'(03_‘ Doa . l
3= T 70T, Genl) (R

IS &  contaect shudhue whenewer @ is a Ngu\m\ value.

We call suh a conback shmhure Sten Rllable.




