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d we care about contact topology

We can characterize certain Seifert

s's as L spaces via contact structures

Theorem Lisca Stipsicz If M is an oriented

HS which is Seifert fibered over S TFAE

I M is an L space
2 Either M or M does not admit a positive
transverse contact structure

3 M carries no transverse foliations
4 M carries no tant foliations

x anda so
4 an dea anda co

anda 0

as
An oriented OHS M which admits a Seifert fibering
over S is orientationpreserving diffeomorphic to
the 3 mild



M Ceo i ri ra n re JDn.de
where Coe Z ri e Q n 0,1 and r Ira 2 z ra

By Lisca Matic an oriented SF AHS
M MCeo ri ra ra

with r zzz Ira does not admit a positive transverse

contact structure if and only if either

i e m O or

ii e m I and there are no coprime integers

m a m a such that
Mr s as m l ra

and

mr s t i 3 k



This combined with the theorem above gives a

characterization of L spaces among HS's of the form

MCeo i ri re

Contact structures

Let Y be a closed oriented 3 manifold

Def A smooth 1 form we r Y is a contact form
of Y if wadw O everywhere If wadw 0

i e and w p vi v2 v3 0 for vi v2 v3 a positively
oriented basis of TpY then we say w is a positive
contact form

If w is a contact form on Y then we call the

plane field
I Ker W C TY

a cooriented contact structure on Y If w is also

positive we call 5 a positive contact structure



Example IR y z
with the standard orientation and

2 dz xdy Note that da dx n dy so

a nda dz xdy n deady
dxndynxdy t dandy adz

dandy adz
O

X is a positive contact form
E Kerk is a positive contact structure

what does 5 look like
At a point x y z the plane 3 is spanned by
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Some authors start with a smooth oriented plane field
on an oriented 3 mild Y and use the fact that in

this scenario 3 Kerk for some a ER Y

Transversecontactstructure

Let M be a contact 3manifold

Def A curve y St M is transverse to 3 if for all

x est dy Test is transverse to Jax

Let T M E be an oriented Seifert fibered 3 manifold

Def After identifying each St fiber Fg over qe E with a

curve y St M we say a contact structure on M is
q

transverse to its Seifert fibration if 2g is transverse to

3 for all gel



Example Consider the 3 tons 73 1123 23 with
orientation induced by the standard orientation on R

and let
a sin ZITZ dx cos ZZ dy

Observe that
da Zit cos Zaz dz rdx Zit sin Zaz dz ndy

so

sm 2TZ dx nCZit sin ZZ dandyanda

y Jd



cos Zaz dy n Zit cos ZZ dz rdx

2its.in Ztz dxrdyrdz
Zacos Litz dxndyndz
Zit dxndyr.dz
O

Then 3 here is a positive contact structure on I

what does it look like At any point p x y z

Kera is spanned by
Zz cos 252 sin Zaz 7

cos Zit 1Ex sin Zn2 Ey

cos Zit f Ex Sin Zit 8Ey
m

I.gg

Y

I



We also see 3 is transverse to the Seifert fibration
of II where the St fibers look like the green one

above

Legendrian and transverse knots

Curves in a contact 3 manifold can illuminate the

contact structure Two kinds of curves are especially

important Legendrian and transverse knots

Def If M is a contact 3 manifold a knot

J S M is Legendrian if 15 2 S is always

tangent to 3 i e for every xek dy Tx St is

contained in Jax

Consider IR with its standard contact structure

3 Ker dz xdy
Let's investigate Legendrian knots in IR Let

y be such a knot Project y to the yz plane
this is called a front projection



Some examples

re
Legendrian unknot

Legendrian trefoil

In general
I at all the crossings the strand with the
smaller slope lies in front of the strand with

larger slope and

2 there are no vertical tangencies instead there
are cusps

These are the only restrictions on a front projection
of a Legendrian knot and any projection satisfying
these restrictions is the front projection of a

Legendrian Knot



So the study of Legendrian knots in IR reduces

to the study of their front projections

Inparticular if two Legendrian knots are isotopic then
we can go from one front projection to the other via

Legendrian Reidemeister moves

type I

Q type I

Type

Tight us overtwisted contact structures

Let Y be a closed contact 3 manifold

Def An embedded disk Dc Y is an overtwisted disk

for 3 of TD ape 312ps



The contact structure is overtwisted if Y contains

an overtwisted disk for 3 otherwise 3 is called tight

Overtwisted contact structures are common any 3manifold

admits an overtwisted contact structure and on a

closed 3 manifold two contact structures are isotopic iff

they are homotopic as plane fields Eliashberg

In contrast tight contact structures are much harder to
find in general their existence is not even known in general



However tight contact structures are classified up to

isotopy on

S3 Eliashberg
lens spaces Giroux Honda
St bundles over surfaces Honda

some Seifert fibered spaces Ghiggini Ghiggini Lisca

Stipsicz Lisca Stipsicz Wa

The Bennequin inequality

I promised you that transverse and legendran knots
shed light on the nature of contact structures We're

almost there

Recall that the writhe of a knot diagram is the sum

over all crossings of a I 1 at each crossing where

r a

I 1 a

righthanded
crossing

left handed
crossing



Theorem The Bennequin Inequality If y is a

transverse knot with respect to a tight contact structure then
w y s X E CA

where w y is the writhe of the front projection of

g and E is any Seifert surface for y

Bonus This gives a lower bound on the genus of a

Tefft surface for y in general it's hard to determine
the genus so this is nice

The punchline is that it tums out that a contact

structure is tight if and only if the inequality
holds In particular this shows the standard contact
structure on IR is tight Bennequin showed t

holds



However we usually don't use the Bennequinn inequality
to prove tightness the standard route is via symplectic

topology

Theorem Eliashberg Gromov if a contact structure can

be filled by a compact symplecticmanifold then it is

tight

Contact Dehn surgery

Dehn surgery

a neighborhood N diffeomorphic to S xD

iii



Step3 Choose any diffeomorphism f of IT 2 S xD2

that sends the meridian p x 212 to a

E
Last step Define the a Dehn surgery along y
to be the 3manifold obtained from MIT by
gluing in a solid tons via f

M y a MIT Up S xD

Being careful we can do the above with a transverse

knot in S3 3 where

3 her x di y dx Xzdy yzdxz s3era

such that the contact structure on Sin and a

prescribed contact structure on the glued S xD agree
to give a contact structure on MCO a



This construction extends to links so this shows

Theorem Martinet All closed compact 3manifolds

admit a contact structure

Symplectic fillings

Def A symplectic form w on a manifold M is a

closed non degenerate differential 2 form i.e

dw O

Up GM if IX eTpM such that

Wp X Y O

HYETpX then X O

Equivalently the skew symmetric pairing on Tpm defined
by w is skewsymmetric Skew symmetric matrices are

www.wwa in odd dimensions so the existence of1 p g g y y y ou



A positive contact structure M is symplectically

fillable if there exists a compact symplectic 4manifold

X w such that
1 2X M and the boundary orientation on

2X induced from waw on X and the

orientation on M agree and
2 w y 0 i.e if vi vz are an oriented

basis for 3 at pen then

Wp Vi Vi 0

Example The contact structure I where
3 Ker x sin Zaz dx cos 2 2 dy

is symplectically fillable The 1 form

Bt datta

is positive contact for t 0

Bt nd Bt datta at da than da o

Let It Ker Bt As t co we see It 3
Hence 3 and It are isotopic Notice that Lo Ker dz

is the plane field parallel to the xy plane

Now consider 13 s xt as the boundary of D xt
with the symplectic form w Wpa dxdy where

Wpa is any area form of D
W Ex E I



I

w
a o

W 5 0 for small t
w y 0

Corollary I is tight

Another way to exhibit a symplectic filling is via

Stein fillings

Let X be a complex manifold with complex dimension
2 The complex structure on X induces a complex
structure on TX or equivalently a bundle map
J TX TX which is locally givenby multiplication by i

From a function of X IR we can define a 2 form

co d ddot and a symmetric form

g v w cop v Jw v weTpX
If g is positive definite i e is a Riemannian

metric on X the function of is called strictly
plurisubharmonic



The manifold X is a stein surface if X admits
a proper such function In this situation the
complex tangencies to Mo 4 a i.e

3p Tp Mcn J TpMd peMc Ekta
is a contact structure whenever c is a regular value

We call such a contact structure Stein fillable


