
sei-fertfibe-redspaces-S-spaces-9124120210utline.ba
sic notions of Dehn fillings
(slopes , ④ - homology sphere/

solid torus . . .)

• triad (again)

• defining Seifert fibered spaces
(SFS)

• SFS over base surface Rpd

are L- spaces .



Dnehnfiling -

Let t = ¥?⃝
✗ let µ and 1 be oriented s.cc . 's

S.t. µ . A = - 7. µ = 1

Gu] and [
A] form a basis for Him

115

☒☒I .

• t.puuorieuteds.cc's on T ;

X and B are isotopic⇐>
[a]=I[p]c-Hit

)

A slope on T is an isotopy class

of uu_t_d essential s.cc.'s ou T .



• ✗ is a slope on T

⇒ D= Ifpqu] +q[7] ) sit
.

pig are coprime .

I :L

{ slopes on T} ← 4 ⑤ u{f-4 }

The distance DG.pl between two slopes

is their minimal geometric intersection
number .

let a=¥ and 13=5 i

DID- B) =D/Ig ,F) = 1ps
- girl .



Let M be a 3-mfd WI 2MET,

✗ be a slope on 2M
(for some fixed
basis for Hylan))

Define d-Dehn filling on M , MH)

MIN = M Up ✓

where V is a solid torus ,
⇐ 5×1137

and 4: av → 2M

2 ftp.thxDJI-S 2



Remark
• To say D=? c-Qu { f-4 ,

for Hi CAM) .

e.g. knot
exteriors XK :=s3,@Ik))

( in S3 ) µ

regular

i.

⇐⇒.

nn.ITA⇒
v47

Seifert

5pm(K) = ✗kcplq) framing
6 i.e.

Hltdxk) is gen . by fuk]
I [7] bounds

9 aSeifert
surface

.



Let M be a ⑤ -homology solid torus ,

i.e. 2M ET S H * (Mia) EH*(5×11370)
.

Lie . Hilly) E I ① H )
4

finite abelian
group

let i* : HiCamiQ)→Helm ; Q
) be

the homomorphism incurred by the inclusion

map
i : 2M↳ M

.

Then there exists a unique slope on

2M called the rational longitude 1m
S.t. i*([Am]) is aero .

1m is the unique slopes
.t .

Renard :

HalMIAMI) =/ 0 .



Triad

Let M be a 3-mfd with 2M£-1,

I xp and J be slopes on 2M

S.t. (a. B) = Dcp ,J) = ACT,a) = 1
.

c
Then lap ,8) are said to be

a triad of slopes .



A (MK) ,Mlp) , MIT) ) forms

a triad of 3-manifolds

For some cyclic order ,

IHilmttll / =/ HitMINI / +11+11Mlp)) 1¥

e.g. For
a.B s-t . Dld-B) , ✗+B.

. Cd, p, ✗ 1- B) in a triad .

⇒ they fit in a surgery
exact
triangle

H^FlM(a) →
HELM4317*2
t

← Eelworm

Also , for some cyclic order



By rankSnullity
and exactness in *

,
*a

we immediately obtain the following.

Iropositio If M admits a triad

Cd , B. dtp) sit
. MCD and Mlp) are

L-spaces , Mld-1ps)
is an L-space as

well
.

Inducting on the length
of a continued

fraction of PIQEQ with pig>
0 and pond9

coprime,

we get

pr-oposition2.in - (as above) .

Then for all coprime pairs pig
> 0 ,

Mlpsntqp) is an L
- space .

Celery: If 5} (K)
is an L-space for

some re Qzo ,then SELK) is on L
-space

as well for all s>r.



S-eifertf-iberedspaceswe.tldefine the Seifert manifolds as

Dehn fillings of trivial bundles over

surfaces with boundary . possibly
[
nonoriented

Let N be the uniquebundle Fo s!
oriented

S IT,. . . >Tn be the components of 2N .

⇒ fix a basis si , fi for Hilli
)

←

Fox {ptb
↳

dpt} ✗St

Fo) :

Definition : A Seifert manifold is any
3-mfd M

M = N(¥ , . . . . ) with Ken
and pi -1-0 .



Let F be Fo with K boundary comps
(base surface) capped ,

then we denote M as

M :=Fl÷ , - . . > %÷ ) .

Remarks_ :
• may

Orient fi sit . pi> I

• 11171 Plq) is a solid torus
.

• 52117g) is the
lens space hlq.pl

(S3 as a
eussp)

• SY Pyg, ,PYqz) is also alens space

• Y÷= f- ← just ignore
this .

twisting along

t.anannpg.us
É÷ , E)↳LI , -,• 1<72 . I
qjqi-piqj-pi.int→ ignore that toot)



• M is a ☒ Its
>
if F=£ or RP?

[ Film→ it,LF)]

[Spoiler : The case F=S2 will be done ]
by Allie

on November 12 !

F-n.IR#M--1RPTai
, . .

. .
an)

we'll induct on
n .

Mobius band

Bose case
n=L : ←

M=RPYa) =/MIS
'

)(a)

(+%¥%:#(4.4) (a)
= 542+12, a)

"

prism mfd
"

17T
↳ Pla n



5T¥ , ¥2 , Bal elliptic mfds
(spherical )"

51-2 , Zz , Bg) ↳ it, finite

Thm_É .

-Elliptic mfds are 1-spaces

ln-dphypothen.si#)1RP4ai,...,ar) ran

↳ is an L-space .

-¥RP4aar,¥=RP4ai, . . . ,ai )
rtl

r

h

M=RP4a , , . . . , an) ,

let N be the 3-Mfd obtained by

N = It ( al ) . . - , an-1) .



⇒ M = N ( an -1)

* Nlsn) = 1RÑ(a, , . . . >an-1)
"

is an L-space .by#l
section

* N is a Q-homology solid tones .

⇒HdN(In)) -10
but Hzlnlfn)) *o

} IN_-fn
.

Ncsntfn) = NID = IRPYAI, . . .. ,an
-i. 1)

= IRP
> Cai , . . . , an

'

-1 )

is an L- space byltl

By Proposition 2,
WC plsn) tqlsntfn)) is

an L-space. ☐



Bonus : It Is
'

E ID
'
( 7- , F)

f !

.

.
.
.
.

-

"
"

>

fibered solid torus nhood
1 :

÷.
ti. 11

regular9 on
a

fibers expectionol
fiber



fibered solid torus nhood
2 :

I
a II.
.
.

-
-
.
.

- -7
-
-

-

-

T
p
*

regular
fibers exceptional

fiber

>

hi

¥-4

1¥
.

" .÷÷÷pair of pants !

Swiss cheese)



±
pair of
pants !


