
Intro to lteegaard Floor Homology
-pa_É

outline :

• What is HF &what does it tell us ?

• 2 definitions for L-spaces
• HOW do we compute HF ?

• Examples
(Shows

3 i. lens spaces are

1-spaces )



W-hatis-F.whatdoe-itte.us?

HIStory PvrposI

• { HÉ ,HFT,HF, HF? HFred } a package
of 3-manifold invariants defined

by Otvathi . Szabo inearly
2000 's

• HFK defined by Ozvathis. Szabo
and

independently Rasmussen
→ oategorifies Alexander polynomial
→ detects Seifert genus & fiberedness



wnatk-id-n-n.in?n+aE-Y?Kn0W-:All3-mflds
,
Y , have a ltegaard

decomposition , H .

We let Y = QHS
' & irreducible

→ computing HF relies on H but is independent
of choice of splitting 1HI .

we let F-24221 throughout 1for simplicity )

we let U be a formal variable lot degree -21



goat : define
" flavors

" HÉ
, HFJHFTHFYHFred

111-1=0 in general )

FAI: 11-1--0141=+0 HFYY.SI
sespinc (1)

☐estipinnyy) -- homotopy classes of non-vanishing
vector spaces on Y lift has boundary

)

or y-133 /ity is closed)

tact : spin441 → H4Y;z)=~HiY;Z)
bijection story closed ,oriented only
-

Chain complexes :

Ñ=lH ) over IF CFTH) over Fat]



HI
,
HF
-

are homologies of EF,CF
-

IFF is finitely generated & graded
vector space over IF

HÉIY
,
s 1 ± ④ IF

i
ldil

HF
-

is a finitely generated & graded
moduleover A-[U]

HF
-

H , S)
= IF[V11µ,

*["]
lcjyynj,

mu

since YE QHS
' there is only

one term here

d-invariant , dly , s ) = max {grlxllxc-HFTY.SI
3.UN -1-0 FN>§

=D



Also,

ItFred Mist = Fat] (g) Kuni )
- torsionpart of itF-

EspaIedef1_ Y is an L
-space i ff

HFred14,51--0 its
c-spin4Y )

Finally ,

CF His1--01=-1 Y , S )④*anEMU
"

]

OF
-

c- CFO
,
CF
-

generated by element

of grading ±-2

is
. CF

+
=
CF%F-



t-wdetiniti-ns-fkspacestE-HF-HF-rela-ed.me
have short exact sequence

:

0→CF
-

Hhs) CFTH ,s)→ IF/Hs)→0

& exact triangle :

HF-14 ,s) HF
-

(Y , s )

↳FLY.sk
EMMI: dim ÑFIY ; s 1>-111-11%2111

Ptof : say dimHÉIYKIH,His11

dimHFIYI-spincydjjmHFIY.SI



since / spin (4) 1=1141%811 , this tells
us

IFFIY
,51=0 forsome stspinclyl

Then , substitute into
exact triangle

HFTY ,s) = Fat]µ,⑤⑤ IFENG.ly/uni )
j

F-[V1]µ, IFENG.it/uni)-~91FIVHa,tOjtOlFtUkgifuni )

hot
⇒ Nisan isomorphism ,which

isn't true

since IMU does not contain any constants .

☐



Deff :X is an L-spaceitdimHF-IHIY.io/Det-1:yisanL-spaUifHFredlY,sl--OV-s
Corollary : Deft ⇐ Det2

PLOOF :

say ItFred1%51=0 Vse spin
441

Then HE
-

His)=1F[U] (d) Vs

Have : Fail FIN]

p^| Lt
HT-IY.SI

Kern :O

IMU = dlg.gl polys
± F ? K >0

Kera = degree 1 polys (Un
>0)

ima -- constants



Kev p= constants ⇒ 1<=1 .
imp = 0
f-Kent)

Thus
,
IFFIY ,s) = IF & dim ÑFIY ) =/ It , 14,511

NOW,say dimÑFCYI =/ It, 14,511

For a contradiction , say ItFred 1%51=10

for some stspin
' 141 .

Example : let HF
-

( Hs) = FIND ⑤ Fat]/µy

Then our exact triangle gives

FIND ⑤ Fat]/µy I Eat] ⑤ Fat]/µy

☒
#
%



Kent =/ 0, U =p.
I -- limp

IMGU =/ Ew¥fnµ U =p
)=kerd

imgd-f.no#Fi,nti)--Kerp--lTl=diMIF--dimimgptdimklrp > I #
1 71

so Hfred His)=OV- sespinclit)
☐



ÉW_mpv_eHF ?

let H = ( £
,
d
, , . . . ,dg , pi , . . . ,13g ,Z) be a

pointed ltegaard diagram
Jasepoint z e E -I -B

EamP.IT
E

•

in general
.

-
-

Define sym
' (E) = E%g =

{ unordered g-tuples of points
in E }

( If 9=1 , SYMI
' (E) =E)



Sym92, is a smooth 2g
-manifold

Define Vz = {2-} ✗Sym"[, S Sym98

= { unordered g-tuples
on & where

at least one point is -2 }

we look at svbmflds :

Ta --1¥di , Ip =# pi
in

Both are g-dimensional
tori in sym92,

111-9=1 112--2 ,Ip=p)

II nltp = { {X , , . . . ,Xg} / ✗itdin Boris}

generates our chain complex .



Elampies

E

'
= 11=3

" """ same>

•

.

CF
- (A) =L a.bic>

2

=F[U]⑤E[U]④F[U]

ÑÉÉKa?
Akeydisk from ✗ toy is amap

to :p → sym9E, such that
:

•
i loci)=y

•

Y

g ep
0193k¥ ¥÷101%1=112

-i 0til=x



let 11-2111,41 be the set of homotopy

classes of Whitney disks
from ✗ toy .

let nz (D) = #(ND)n Vz)
(intersection number of Whitney

disk with basepointZ )
(pseudo-1

let M 110) =moduli space of holomorphic

representatives of 0

& Mastor indexµ 101
-
- expected dimension

of Mlb)

Whenµ1101=1 , MMR = Ñ 110)

M 101 mod /R-action of G-automorphisms

fixing ±i) is a 0-dimensional compact
manifold . #Ñ(D) =number of points .



NOW
,
ÉCFIH,s1→Ñ=lH,s )

Gx = £ [,#Ñll) - y
ytttdnltp 10%1447

MIO)= I
nz(01=0

And
,
I:(F- last → CF-IH.SI

Oi -- I [#MY rent"?y
ytltanltp 10%1×191

MIN--I

can get it from CF
-

setting U=0

theorem 82--0-2=0 ? He is an invariant

of Y .



Earn.pl#1sI
H

'

atltanltp

ÑFIYI -- IF only wnitneydiskis
trivial I. µ /01=0 forCF

-

(4) =F[U]
⑧ trivial

alt :O lowers grading by 1,50

0a=o
.

⇒ fa=O .

jx.EE#Ml0tYHT--1Y1--lTyt1TgnlTp0t1TzlXiy)Ml0)=lnzl0t-011-1=-141--11--121]

→Pisan L-space .



1532 Note: Hits}) is trivial , so / spinccy /1=1 .

H

✗

ÑanIp={ a.bio} Nifty) IF
}

CF-141=11--04 ④FIU]⑤Flu]

Ex -.EE#MY01.yJa--Oyt1Tdn1Tp0t1TzlXiy)MHh=10^0=6
nzl0)=0 ⇒fb=O

kerf -_ Laib> ⇒ÑFlY)=EimgÑ=Lb>



Hilt,-211=21/321
r

so /spin4411=3

canaways get a diagram
where

÷÷¥÷¥::
lltanltp/ =/spin4411

Thus
,
Ñ=lY,H=<Xi >

⇒ 8,0=0 (trivial Whitney disks)

⇒ ÑFIY ,si)= IF ⇒ ÑF(yj= #lspin
""



& HFTY ,sit = IF[U] ⇒ HF
-

(y) =4F[u])Ispin
' 'll

⇒ y is an L-space

→ All lens spaces are L
-spaces .




